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ABSTRACT 

The theory of N — 1 supergravity with gauged supermatter is studied in the context of a k — + 1 Friedmann 

LT) ■ 

' minisuperspace model. It is found by imposing the Lorentz and supersymmetry constraints that there are no 

physical states in the particular SU(2) model studied. 

The subjects of supersymmetric quantum gravity and cosmology have achieved a con- 
ed ' 

siderable number of very interesting results and conclusions during the last ten years or 



so [2,3]. Our objective here is to study a k = 1 supersymmetric FRW mini-superspace 

quantum cosmo logical model with a family of spin-0 as well as spin-1 gauge fields together 

>• ■ with their odd (anti-commuting) spin-i partners with zero analytic potential P • The 
On ' 

supersymmetry constraints will be derived from the reduced theory with supermatter. 
^ ! Subsequently, we solve for the components of the wave function using the quantum con- 
straints. We will then find that there are no solutions for the quantum states of the FRW 
universe analysed here. 

qh Let us begin by specifying our model in some detail. The Lagrangian of the theory 

$h ! studied here is given in Eq. (25.12) of ref. [1]; it is too long to write out here. We choose 
the geometry to be that of a k = +1 Friedmann model with S 3 spatial sections, which are 



>< 



the spatial orbits of G = SO {A) - the group of homogeneity and isotropy. The tetrad of 



H ' the four-dimensional theory can be taken to be: 

e -(N(r) \ e a»_(N(r)-i 
6 ^ ^ aE M J ' { a{r)- l E™ 

where a and i run from 1 to 3. E&i is a basis of left-invariant 1-forms on the unit S 3 with 
volume a 2 = 2tx 2 . The spatial tetrad e AA i satisfies the relation 

d % e AA ' 3 - d 3 e AA \ = 2a 2 e ljk e AA ' k 

as a consequence of the group structure of SO(3), the isotropy (sub)group. 

This Ansatz reduces the number of degrees of freedom provided by e^v- If super- 
symmetry invariance is to be retained, then we need an Ansatz for ip A ^ and ip A ^ which 
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reduces the number of fermionic degrees of freedom, so that there is equality between the 
number of bosonic and fermionic degrees of freedom. One is naturally led to take ip A and 
ip A to be functions of time only. We further take 

^ = e AA '^ A , , ^ = e AA '^ A 

where we introduce the new spinors ipA and ^a' which are functions of time only. [It is 
possible to justify the above Ansatz by requiring that the form of the tetrad be preserved 
under suitable homogeneous supersymmetry transformations. [2] 

Now, consider the supermatter fields. The scalar super- multiplet, consisting of a 
complex massive scalar field an d massive spin-| field X,X are chosen to be spatially 
homogeneous, depending only on time. The odd spin-i partner (AW,Aw), a = 1,2,3, 

is chosen to depend only on time as well. As far as the vector field Ay is concerned we 
adopt here the Ansatz formulated in ref. [4] and choose 

A M (t) w " = 

where {u; M } represents the moving coframe = {dt,u b } , (b = 1,2,3) , of one-forms, 

invariant under the left action of SU(2) and T a are the generators of the 577(2) gauge 
group. Notice in the above form for the gauge field the A component is taken to be 
identically zero. Thus, we will have in our FRW case a gauge constraint = 0. 

Using the Ansatze previously described, the action of the full theory (Eq. (25.12) in 
ref. [1]) can be reduced to one with a finite number of degrees of freedom. Notice that with 
our choice of gauge group SU (2) and compact Kahler manifold, itdirectly follows that the 
analytical potential P($ / ) is zero [5] 

Let us here solve explicitly the corresponding quantum supersymmetry constraints. 
First we need to redefine the fermionic fields, Xa, ^a and Xa in order to simplify the Dirac 
brackets , following the steps described in ref. [6] : 



3 3 

aaz ± aaz - . ±a' _ „a 

Xa = — j— -=-X a , Xa> = — j— =—Xa' , ir Y = —iuaa'^ , = m AA'X 

24(1 + 00) 24(1 + 00) x * X, 



ipA = —aa^ipA , Wa> = —cra^ipA' ,nj.= in A A'W , 7i> = vhaa'W 

24 24 V V A' 

3 3 

C(a) \(a) tW ™ 5 T(a) . \^ A ' . U a ) A 

X > A = — X a, * A' = —A a> '^x^ = - %n AA>X , 7T t (a) = -%n A A'X y > 

24 24 A A A , 
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The Dirac brackets are: 



= -iriAA' , [i>A,i>A']* = in AA> , [A ( ^, A A \]* = -i5 ab n AA > 

[a,7T a ]* = 1 , [0,71-0]* = 1 , [0,71^]* = 1 , [/,7T/] = 1 

and the rest of the brackets are zero. It is simpler to describe the theory using only (say) 
unprimed spinors, and, to this end, we define 

ij A = 2n/ij B , , X A = 2nfx B > , X ( A ] = 2n/\ { B \ 

with which the new Dirac brackets are 

[Xa,X b ]* = ~ie AB , [iPa,$b]* = ie AB , [A ( ^, A ( ^,]* = -i5 ab e AB 

The rest of the brackets remain unchanged. Hence the only non-zero (anti-)commutator 
relations are: 

{A ( ^, A (6 J} = 5 ab e AB , {X A ,X B } = e AB , {^a^b} = ~t AB 

[a, 7T a ] = [0, TT^] = [0, 7T^] = [/, 7Tf] = % 

Here we choose (Xa, i>A, a, 0, 4>) to be the coordinates of the configuration space, and 
X.Ai ipA, ^(1,^4), ^ to be the momentum operators in this representation. Hence 

X« -> 8 Y A ^ 9 J, 9 



5A(°) A ' dX A1 d^ A 

d d d d 

Following the ordering used in ref. [2], we put all the fermionic derivatives in S A on 
the right. In Sa, all the fermonic derivatives are on the left. Implementing all these 
redefinitions, the supersymmetry constraints have the differential operator form 



i - d 1 d 13 hi - d 

S A = t=(1 + ^)Xawj ~ -j^atfjA— - J -a 2 a 2 ^ A - —=0X A X B 



V2 K ™ <90 da \2 r " 4^ dX 

1 r> i T d 5 , r d V3 R , d 



B 



8v/6 d^ A 4V2 Y d^ B 4v/6 r dX B 4^/2 r dX A 
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i 1 „/, V B ^ i 1 „a „bCC' B'B \{a)Dj, ® 



2V6 dx B 3Ve ° ro aA( fe ) B 

d 1 , T< <„^ 5 3 -„ ,„s n d 



1 _a bBA' B' E T (o)D T (&) 1 , _ I 3 \« 



6^6 AB B d^ E \W SVG A 



Xb 



We now proceed to find the wavefunction of our model. The Lorentz constraint Jab 
is easy to solve. It tells us that the wave function should be a Lorentz scalar. We can see 
that the most general form of the wave function which satisfies the Lorentz constraint is 

* = A + iB^ c i/; c + C^ C X C + iDX c X c + Eifj c if) C X c X c 
+c a X^ c X c + d a X^ c ip c + Ca 6 A (a)C A ( g + e a X^ c X c ^ D ^D 
+f a X {a)C ^cX D X D + d ab X^ c X c X^ D X D + e ah X^ c X {b ^ D ^ D 
+f ab X^ c X^X D X D + g ab X^ c X^X D ^ D + c abc X^ c X^ D ^ D 
+d abc X^ c X { ^ D X D + c abcd X^ c X^ D X^ + h ab X^ c X^ D ^ D X E X E 
+e abc X^ c X {b ^ D X D ^ 
+e abcd X^ c X^^ 

+FA( 1 ) c A ( yA( 2 ) D A (2 z ]A( 3 ) i? A (3 i + /i a&cd AW c A ( gA( c )^A ( ^ E ^X F X F 
+<5 1 A( 2 ) c A (2 c ) A( 3 )^A (3 z ]A( 1 ) i? ^X F X F + 5 2 A( 1 ) C A ( J 7 ) A( 3 ) D A ( §A( 2 ) S ^X F X F 
+8 3 X^ C X^ X^ D X^X^ E ^ E X F X F + 7iA (2)c A (2 c ) A( 3 ) D A (3 i ]A( 1 ) i? X^ F ^ 
+72A (1)C A ( c ) A (3)D A ( SA (2)i? X^ F ^ + ts^^^A^aW^A^aW^^j, 
+GA( 1 ) c A ( ^ ) A( 2 )^A (2 i ]A( 3 ) F A ( ^ F ^ + m( 1 ) c A ( J 7 ) A( 2 ) D A (2 i ]A( 3 ) F A (3 ix F X F 
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+/A( 1 ) c A ( ^ ) A( 2 )^A (2 i ]A( 3 ) E A (3 ix^ F + KA( 1 ) c A ( J 7 ) A( 2 ) D A (2 jA( 3 ) i? A (3 i^FX G X G 

where A, B, C, D, E etc are functions of a, and <fi only. This Ansatz contains all allowed 
combinations of the fermionic fields and is the most general Lorentz invariant function. 

The next step is to solve the supersymmetry constraints Sa*& = and Sa>^ = 0. 
Since each order in fermionic variables is independent, the number of constraint equations 
will be very high. Their full analysis is quite tedious and to write all the terms would 
overburden the reader. Let us show some examples of the calculations involved in solving 
the Sa^ = constraint. 

Consider the terms linear in Xa- 



v | ° a 9_f „a BA 1 ~y~(a) A y n 

X A + ^ -f ' Tx AA 



Since this is true for all Xa, the above equation becomes 

OA 



B ; a a 9f „g BA' y-(o) a 

ZA H 1= —d AA/U A y 'A 

V2(l+ 1 ' 



Mutliplying the whole equation by ubb' and using the relation nBB ,nBA = \^b< > we can 
see that the two terms are independent of each other since the a matrices are orthogonal to 
the n matrix. Thus, we conclude that A = 0. As we proceed, this pattern keeps repeating 
itself. Some equations show that the coefficients have some symmetry properties. For 
example, d ab = 2gab- But when these two terms are combined with each other, they 
become zero. It can be seen as follows, 

d ah \^ c X c \^ D ^ D + g ab X^ c X^X D ^ D 
= 2g ab \W\W D XmP c + g ab X^ c X^X D ^ D 
= -g ab X^ c X^X D ^ D + g ab X^ c X^X D ^ D 

using the property that g ab = g ba and the spinor identity 9ab = \®c e AB where 6ab is anti- 
symetric in the two indices. The same property applies to the terms with coefficients f ab cd 
and g abc d- Other equations imply that the coefficients c abc , d abc , c abcd , e abc , f abc , d abcd , 
e-abcd , h abc d are totally symmetric in their indices. This then leads to the terms cancelling 
with each other, as can easily be shown. In the end, considering both the Sa^ = and 
§a^ = constraints, we are left with the surprising result that the wave function must be 
zero in order to satisfy the quantum constraints. 
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To summarise, we have applied the canonical formulation of the more general theory 
of TV = 1 supergravity with supermatter [6] to a k = +1 FRW mini-superspace model, 
subject to suitable Ansiitze for the the gravitational field, gravitino field and the gauge 
vector field A" as well as the scalar fields and corresponding fermionic partners. After a 
dimensional reduction, we derived the supersymmetric constraints for our one-dimensional 
model. We then solved the Lorentz and supersymmetry constraints for the case of a two- 
dimensional spherically symmetric Kahler manifold. We found that there are no physical 
states in this model. A similar conclusion was also obtained in ref. [7,8] where no matter 
but a cosmological constant term was present. All this seems to suggest that as one 
introduces more terms in a locally supersymmetric action, giving more field modes with 
associated mixing, then the constraints impose severe restrictions on the possible allowed 
states, assuming homogeneity and isotropy. This is not to say that there might not be 
many inhomogenous states. 
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